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Abstract. From two conveniently chosen first integrals of a Hamiltonian system it is possible
(by taking Poisson brackets), to obtain all the local first integrals of the system.

It is well known [1, 2] that for Hamiltonian systems Xy the Poisson bracket of two
first integrals f; and f, of Xy is again a first integral of Xy. This result is called the
Poisson theorem. Of course the new first integral obtained in this way can be a function
of f; and f; [3].

We prove here that choosing conveniently f; and f, we can generate a basis B of
first integrals of Xy, such that any other integral of X}, can be obtained from the first
integrals of B.

In fact, let

. _oH , . _oH

q;= p; D: o0
be the Hamiltonian system. It is well known [2] that a local canonical transformation
exists:

i=1,...,n (1)

Q=0Q(t q;p) P=p(t q,p) T=t (2)

converting (1) into a Hamiltonian system such that in the new (Q, P) variables
Hamilton’s equations take the form:

Q=0 P=0. (3)

Accordingly Q,,..., Q,; P,..., P, form a basis of first integrals for equations (3).

Let us now assume that (3) has the property P of possessing two first integrals
¢o(Q, P) and ¢o(Q, P) generating (via Poisson brackets) any other first integral. If
this is the case, then the functions ¢ and ¢ defined (using (2)) by

d)(t’ q’p) = d)O(Q(ty q,P), P(t5 q’p))
(l’(t, q,P)= *//o(Q(t, q, P), P(ty q,P))

4)
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generate (via Poisson brackets) a basis of first integrals of equations (1). In fact, since
(2) is a canonical transformation we can write:

{o, lf/}(:,q,p) ={¢o, l/fo}(z,o(z,q,p),P(x,q,p))- (%)
Now, if f(t, q, p) is any first integral of equations (2) we have:
f(t,q,p)=F(Q(t,4,p), P(t,9,p)) (6)

F being a first integral of equations (3). But for the property P of ¢, and ¢, we can
write: -

F'—'g((ﬁo,d’o,{ﬁbo, l//o},'--) (7
and therefore, by (4) and (5):
=%, 4 {d, ¢} ...) (8)

Therefore we have only to prove that equations (3) do indeed satisfy the property P.
In other words it is enough to find two functions ¢,(Q, P) and ¢(Q, P) such that:

Q= (Di(¢0, Yo, {d’o, #’/0}, en)
P, =Hi(¢0’ Yo, {¢>o, 11/0}, o)
Let us see that the functions ¢, and ¢, defined by:

bo= P,
*//0=QzQF"QsQ%"'--'+Qno?—1+PZQ?+---+PnQ%"_2

enable us to prove the property P (for equations (3)). We assume n>1; if n=1 the
problem is trivial since we can choose ¢o= P and = Q.
Let us therefore prove that the functions ¢, and ¢, defined in (10) generate, via
Poisson brackets, the basis of first integrals Q,,..., Q,; Pi,..., P, of (3).
This can be immediately proved since we can write:
of
——={f, P. 11
50, {f, P} (11)
for any function f depending solely on Py,..., P,; Qi,..., Q.
On the other hand we can also write

i=1,2,...,n (9)

(10)

aZn—Zl/]

Sor = (@n=2)P,

a2n—3

aQz,.l_l';’=(...)QIP,,+(2n—3)1P"_1 (12)
1

3o _

aQ;l—(...)Q;“ZP,,+...+(...)QlP3+P2

where the symbols (...) stand for numerical coefficients irrelevant for our purposes.
By (11), with f =, it follows that

o [87 Mo .
rﬂ={aQ{_I,Pl j=1,2,3,.... (13)
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Therefore from (13) and the first of equations (12) it is clear that P, is generated, via
Poisson brackets, from ¢, and y,.
On the other hand

6([/0 (l_(_)) ~n—1

3Qn '

and therefore Q7' (and as a consequence Q,) is also generated via Poisson brackets
(and functions of them). Accordingly, and from (12) and (13), we have obtained Q,,
P,,..., P, from ¢, and y, via Poisson brackets (and functions of them).

In order to also get Q,, ..., Q, in this way we introduce the function (ﬂo defined by:

‘/;0=¢0‘P20T—-'-_Pn0%n_2= QZQI+QSQf+"'+Qn ;'—1 (15)

which is, by construction, obviously obtained from ¢, and ¢, via Poisson brackets
and functions of them.
We can write for ¢, an equation similar to (13):

{¢o, P} = (14)

3 {8j—1¢//0 }

—_— = ———'—P '=12,3,.... 16

aQJI aQ}]—-l s 41 J H ( )
When (16) is particularised for j =1 we get:

39

a—b—‘i={wo, P}=Q, (17)

and therefore Q, can also be obtained from ¢, and ¢, via Poisson brackets. Following
the same procedure of putting j =2, 3, .. . into (16) we finally obtain that Q,, Q;, ..., Q,
are obtained from ¢, and ¢, via Poisson brackets, as we desired to prove.

Summarising, any first integral of a Hamiltonian system can be obtained, via
Poisson’s theorem, by a successive and finite number of computations of the Poisson
brackets of two conveniently chosen first integrals of Xy.

The authors want to point out that one of the referees has indicated that the above
result is only true for first integrals depending explicitly on time.

On the other hand it is not an easy matter to give an example of the usefulness of
the above result since in order to do this the local canonical transformation (2) should
be computed.
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